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Fermionic realization of two-parameter quantum affine
algebra Ur,s(ŝln)
Naihuan Jing and Honglian Zhang⋆
Abstract. We construct all fundamental modules for the two parameter
quantum affine algebra of type A using a combinatorial model of Young dia-
grams. In particular we also give a fermionic realization of the two-parameter
quantum affine algebra.
1. Introduction
Quantum enveloping algebras are one of the two main examples of quantum
groups introduced by Drinfeld [Dr1] and Jimbo [Jb] in their study of the Yang-
Baxter equation. In the most general definition the role of the quantum Yang-
Baxter equation was given in the form of universal R-matrix. The first example was
defined with the help of Yang-Baxter equation for a 2× 2 R-matrix. In the physics
literature and also in the work of Reshetikhin [R] the dependence on parameters
can be more than one variable (see also [T, J2]).
The research on quantum enveloping algebras with two parameters have been
revitalized by Benkart and Witherspoon in their work on Drinfeld double construc-
tion and Schur-Weyl duality [BW1, BW2, BW3]. For a review of early history the
reader to referred to the introduction in [BW1]. After then generalizations to other
simple Lie algebras were given by Bergeron, Gao and Hu in [BGH1, BGH2, BH]
and their representations are studied accordingly. All these work show that the two
parameter quantum groups have similar properties like the usual quantum groups
but offer distinct features in two parameter cases. Recently by generalizing the ver-
tex representations [FJ, J1] of quantum affine algebras, Hu, Rosso and the second
author [HRZ] have further introduced a two parameter quantum affine algebra for
the affine type A and also obtained its Drinfeld realization.
It is well-known that quantum affine algebras also admit a fermionic realization
[H]. The fermionic realization has played a fundamental role in quantum integrable
systems and figured prominently in Kyoto school’s work on quantum affine algebras
and their applications to statistical mechanics [DJKMO, JM]. The crystal basis
[Ka1, Ka2] for the quantum general affine algebra was first constructed with help
of Hayashi’s fermionic representation [H]. Our first motivation is to generalize
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this construction to construct all level one fundamental representations for two
parameter quantum affine algebra Ur,s(ŝln). In particular, the fermionic realization
is also obtained, which is two parameter generalization of Misra-Miwa’s realization
[MM] and a generalization of Leclerc and Thibon’s version of the combinatorical
representation [LT].
Our second motivation is somewhat more fundamental to justify the study of
two-parametric quantum groups. In the early days the true meaning of various
parameters in quantum groups puzzled some researchers to question whether the
introduction of other parameters is really necessary. In this paper we will explain
the meaning of two parameters and obtain their combinatorial interpretation, and
show how nicely many pieces of two-parameter quantum groups are patched to-
gether in our fermionic model. Roughly speaking, the two parameters correspond
naturally to the left and right (multiplication) in our combinatorial model, and
one further sees that the Serre relations are consequence of some combinatorial
properties of our model.
2. Quantum Affine Algebra Ur,s(ŝln)
In this section, we will recall the structure of two-parameter quantum affine
algebra Ur,s(ŝln) defined in [HRZ]. Let K = Q(r, s) denote the field of rational
functions in two variables r, s (r 6= ±s). For n ≥ 2 let ε1, ε2, · · · , εn−1 be an
orthonormal basis of E = Rn under the inner product ( , ). Set I = {1, · · · , n− 1},
I0 = {0} ∪ I. Then Φ = {εi − εj | i 6= j ∈ I} is the set of roots for the simple
Lie algebra sl(n). We can take Π = {αi = εi − εi+1 | i ∈ I} as the basis of simple
roots. Let δ denote the primitive imaginary root of ŝln. Take α0 = δ − (ε1 − εn),
then Π′ = {αi | i ∈ I0} is a base of simple roots of affine Lie algebra ŝln.
The following definition is an affinization of the two-parameter quantum groups
for type sln (see [BW1]).
Definition 2.1. Let U = Ur,s(ŝln) (n ≥ 2) be the unital associative algebra over
K generated by the elements ej, fj , ω
±1
j , ω
′ ±1
j (j ∈ I0), γ
± 12 , γ′±
1
2 , D±1, D′ ±1,
satisfying the following relations:
(A1) γ±
1
2 , γ′±
1
2 are central with γ = ωδ, γ
′ = ω′δ, such that ωi ω
−1
i = ω
′
i ω
′ −1
i =
1 = DD−1 = D′D′−1, and
[ω±1i , ω
±1
j ] = [ω
±1
i , D
±1 ] = [ω′ ±1j , D
±1 ] = [ω±1i , D
′±1 ] = 0
= [ω±1i , ω
′ ±1
j ] = [ω
′ ±1
j , D
′±1 ] = [D′ ±1, D±1] = [ω′±1i , ω
′ ±1
j ].
(A2) For i, j ∈ I0,
D eiD
−1 = rδ0i ei, D fiD
−1 = r−δ0i fi,
ωj ei ω
−1
j = 〈ω
′
i, ωj〉 ei, ωj fi ω
−1
j = 〈ω
′
i, ωj〉
−1 fi.
(A3) For i, j ∈ I0,
D′ eiD
′−1 = sδ0i ei, D
′ fiD
′−1 = s−δ0i fi,
ω′j ei ω
′ −1
j = 〈ω
′
j , ωi〉
−1 ei, ω
′
j fi ω
′ −1
j = 〈ω
′
j , ωi〉 fi.
(A4) For i, j ∈ I0, we have
[ ei, fj ] =
δij
r − s
(ωi − ω
′
i).
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(A5) For i, j ∈ I0, but (i, j) /∈ { (0, n− 1), (n− 1, 0) } with aij = 0, we have
[ ei, ej ] = 0 = [ fi, fj ].
(A6) For i ∈ I0, we have the (r, s)-Serre relations:
e2i ei+1 − (r + s) eiei+1ei + (rs) ei+1e
2
i = 0,
eie
2
i+1 − (r + s) ei+1eiei+1 + (rs) e
2
i+1ei = 0,
e2n−1e0 − (r + s) en−1e0en−1 + (rs) e0e
2
n−1 = 0,
en−1e
2
0 − (r + s) e0en−1e0 + (rs) e
2
0en−1 = 0.
(A7) For i ∈ I0, we have the (r, s)-Serre relations:
f2i fi+1 − (r
−1 + s−1) fifi+1fi + (r
−1s−1) fi+1f
2
i = 0,
fif
2
i+1 − (r
−1 + s−1) fi+1fifi+1 + (r
−1s−1) f2i+1fi = 0,
f2n−1f0 − (r
−1 + s−1) fn−1f0fn−1 + (r
−1s−1) f0f
2
n−1 = 0,
fn−1f
2
0 − (r
−1 + s−1) f0fn−1f0 + (r
−1s−1) f20 fn−1 = 0,
where 〈ω′i, ωj〉 is a skew-dual pairing defined as follows (more detail see [HRZ]):
〈ω′i, ωj〉 =
{
r(εj , αi) s(εj+1, αi), (i ∈ I0, j ∈ I)
r−(εi+1, α0) s(ε1, αi), (i ∈ I0, j = 0)
From now on, let us write briefly 〈ω′i, ωj〉 = 〈i, j〉.
It can be proved (see [HRZ]) that Ur,s(ŝln) is a Hopf algebra with the coproduct
∆, the counit ε and the antipode S defined below: for i ∈ I0, we have
∆(γ±
1
2 ) = γ±
1
2 ⊗ γ±
1
2 , ∆((γ′)±
1
2 ) = (γ′)±
1
2 ⊗ (γ′)±
1
2 ,
∆(D±1) = D±1 ⊗D±1, ∆(D′ ±1) = D′ ±1 ⊗D′ ±1,
∆(wi) = wi ⊗ wi, ∆(w
′
i) = w
′
i ⊗ w
′
i,
∆(ei) = ei ⊗ 1 + wi ⊗ ei, ∆(fi) = fi ⊗ w
′
i + 1⊗ fi,
ε(ei) = ε(fi) = 0, ε(γ
± 12 ) = ε((γ′)±
1
2 ) = ε(D±1) = ε(D′ ±1) = ε(wi) = ε(w
′
i) = 1,
S(γ±
1
2 ) = γ∓
1
2 , S((γ′)±
1
2 ) = (γ′)∓
1
2 , S(D±1) = D∓1, S(D′ ±1) = D′ ∓1,
S(ei) = −w
−1
i ei, S(fi) = −fiw
′−1
i , S(wi) = w
−1
i , S(w
′
i) = w
′−1
i .
Remark 2.2. The algebra Ur,s(ŝl2) is isomorphic to the quantum affine algebra
Uq,q−1(ŝl2) if set rs
−1 = q2, see [HRZ].
Remark 2.3. We remark that the two sets of generators ωi, ω
′
i follow the original
idea of [BW1, BW2] to naturally blend the second parameter into the relations.
Roughly speaking when one identifies ω′i to ω
−1
i the algebra specializes to the usual
quantum affine algebra.
3. Fock space representations of Ur,s(ŝln)
In this section we construct a Fock space representation for the quantum affine
algebra Ur,s(ŝln) based on the fermionic representation of the usual quantum affine
algebra.
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The Fock space is modeled on the space of partitions. A partition is a decom-
position of a natural number written in nondecreasing order. Let P(n) be the set
of partitions of n. The generating function of partitions is given by
∞∑
n=0
|P(n)|qn =
∞∏
n=1
(1− qn)−1.
For each partition λ = (λ1, λ2, · · · , λl) we associate the Young diagram con-
sisting of n nodes (or boxes) which are stacked in l rows in the 4th quarter of the
xy-coordinate system and aligned at the origin in such a way that the ith row oc-
cupies λi nodes. The diagonal of the Young diagram is given by the nodes along
the line y = −x. Another way to identify the Young diagram is the following: we
specify the path starting at (0,−λ′1) and we move eastward by λl steps and then
we go north by λ′1 − λ
′
2 steps and so on. We say that a node or a box in λ sitting
at position (a,−b) if its upper left corner is situated at the point (a,−b). We will
define the residue of any node at (a,−b) to be a−b (modn). For instance the Young
diagram λ = (6, 4, 4, 2, 2) with residues is given in Figure 3. For convenience we
allow the residues to take values in Zn. So in Figure 1 the residues shown in the
lower left part will be 5, 4, 3 respectively for the quantum algebra Ur,s(ŝl6).
0
0
1
1
2
2
3 4 5
−1
−1−2
−2−3
Figure 1. Young diagram (64222)
A node γ or box (convex corner) is called removable if λ − γ is still a Young
diagram. A contract corner is called intent if one node or box can be added at the
corner to form another Young diagram. By abusing the terminology we will call a
node (a, b) of the border rim of the diagram of λ indent if the box (a − 1, b − 1),
(a+ 1, b) or (a, b− 1) can be added to λ to form a new Young diagram. Note that
the new diagram’s border does not contain the node except the node is a starting
node or a final node of the border.
For example in Figure 1 the nodes at (1,−1), (3, 0), (5, 0), (0,−3) are indent
nodes except that the nodes at (5, 0), (3,−1), (1,−3) are removable nodes. By
convention the trivial Young diagram φ has an imaginary indent node at (−1, 1).
For this reason we sometimes say that a point at (a,−b) is removable or indented.
In this sense the origin for the trivial Young diagram is indented.
For each i ∈ Zn we define the Young diagram |λ, i〉 as the diagram that assigns
the residues i + a − b (modn) to each node (a,−b) in λ. The previous example is
the Young diagram for i = 0. The following Figure 2 shows the residue of (a,−b)
for the configuration of |λ, i〉.
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· ·
· ·
· ·
· ·
· ·
j-b
a
j = a− b+ i
Figure 2. Residue for Young diagram |λ, i〉
Let K = Q(r, s) be the field of rational functions in r and s. For each i ∈ Zn
we define the Fock space Fi to be
(3.1) Fi =
⊕
λ∈P
K|λ, i〉.
Let λ and µ be two partitions such that µ is obtained from λ by adding a node
γ of residue i, or µ/λ consists of a single i-node γ. Let Ii(λ) be the set of indent
i-nodes in the boundary of λ, and Ri(λ) be the set of its removable i-nodes in
the boundary of λ. We further let I
(l)
i (λ, µ) (resp. R
(l)
i (λ, µ)) be the set of indent
i-nodes (resp. of removable i-nodes) situated to the left of γ (γ not included) in
the boundary of µ, and similarly, let I
(r)
i (λ, µ) and R
(r)
i (λ, µ) be the corresponding
set of i-nodes located not to the left of γ (i.e. to the right of γ and γ itself) on
the boundary of λ. We also denote by I(0)(λ) ( resp. R(0)(λ) ) the total number
of indent (resp. removable) 0-nodes in diagram λ. We denote by |I
(r)
i (λ, µ)| and
|R
(r)
i (λ, µ)| the number of the set I
(r)
i (λ, µ) and R
(r)
i (λ, µ) respectively.
For a finite set S, we use |S| to denote its cardinality. We define the action of
the simple generators as follows.
fi | λ 〉 =
∑
µ
r|I
(r)
i
(λ, µ)| s|R
(r)
i
(λ, µ)| | µ 〉,
ei | λ 〉 =
∑
µ
r|R
(l)
i
(µ, λ)| s|I
(l)
i
(µ, λ)| | µ 〉,
ωi | λ 〉 = r
|Ii(λ)| s|Ri(λ)| | λ 〉,
ω′i | λ 〉 = r
|Ri(λ)| s|Ii(λ)| | λ 〉,
D | λ 〉 = r−|I
0(λ)| s−|R
0(λ)| | λ 〉,
D′i | λ 〉 = r
−|R0(λ)| s−|I
0(λ)| | λ 〉,
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where the first sum runs through all µ such that µ/λ is a i-node, and the second
sum runs through all µ such that λ/µ is a i-node. We remark that all the sums are
obviously finite since it runs through the cells of the Young diagram. We also note
that when r = s−1 = q, the above action reduces to that of the quantum affine
algebra Uq(ŝln) formulated in [LT].
Theorem 3.1. For each i ∈ Zn the Fock space Fi is a level one representation
of Ur,s(sˆln) and contains V (Λi) as a submodule and the highest weight vector is
|φ, i >, where φ is the empty diagram.
Proof. First of all we note the statement about the submodule is obtained by
computing the action of the Heisenberg subalgebra. By symmetry it is enough to
show the statement for the basic module V (Λ0), so we will drop the second index
i = 0 in |λ, 0〉. Namely, we take i = 0 and the residue for the node (a,−b) is a− b.
(i) From the construction we first have
ωjei | λ 〉 = ωj
∑
γ∈Ri(λ)
r|R
(l)
i
(λ−γ, λ)| s|I
(l)
i
(λ−γ, λ)| | λ− γ 〉
=
∑
γ∈Ri(λ)
r|R
(l)
i
(λ−γ, λ)| s|I
(l)
i
(λ−γ, λ)|r|Ij(λ−γ)| s|Rj(λ−γ)| | λ− γ 〉,
and similarly
eiωj | λ 〉 =
∑
γ∈Ri(λ)
r|R
(l)
i
(λ−γ, λ)| s|I
(l)
i
(λ−γ, λ)| r|Ij(λ)| s|Rj(λ)| | λ− γ 〉.
Since for γ ∈ Ri(λ),
|Ii(λ− γ)| = |Ii(λ)|+ 1, |Ri(λ− γ)| = |Ri(λ)| − 1,(3.2)
It follows immediately from (3.2) that
ωiei = rs
−1eiωi = 〈i, i〉eiωi.
On the other hand it follows from γ ∈ Ri(λ) (i 6= j) that,
|Ij(λ− γ)| = |Ij(λ)| +
(εj , αi), (i ∈ I0, j ∈ I)−(εi+1, α0), (i ∈ I0, j = 0)(3.3)
|Rj(λ − γ)| = |Rj(λ)| +
(εj+1, αi), (i ∈ I0, j ∈ I)(ε1, αi), (i ∈ I0, j = 0).(3.4)
These combinatorial identities imply that
ωjei =< i, j > eiωj.
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(ii) To check the commutation relation (A4), we consider the actions of ei and
fi:
eifi | λ 〉 = ei
∑
γ∈Ii(λ)
r|I
(r)
i
(λ, λ+γ)| s|R
(r)
i
(λ, λ+γ)| | λ+ γ 〉
=
∑
γ∈Ii(λ),
γ′∈Ri(λ+γ)
r|R
(r)
i
(λ, λ+γ)| s|R
(r)
i
(λ, λ+γ)|
× r|R
(l)
i
(λ+γ−γ′,λ+γ)| s|I
(l)
i
(λ+γ−γ′,λ+γ)||λ+ γ − γ′〉
=
∑
γ∈Ii(λ),
γ′∈Ri(λ)∪Ii(λ)
r|I
(r)
i
(λ, λ+γ)|+|R
(l)
i
(λ+γ−γ′,λ+γ)|
×s|R
(r)
i
(λ, λ+γ)|+|I
(l)
i
(λ+γ−γ′,λ+γ)| | λ+ γ − γ′〉
=
∑
γ∈Ii(λ)
r|I
(r)
i
(λ,λ+γ)|+|R
(l)
i
(λ,λ+γ)| s|R
(r)
i (λ,λ+γ)|+|I
(l)
i
(λ,λ+γ)| | λ〉
+
∑
γ∈Ii(λ),
γ′∈Ri(λ)
r|I
(r)
i (λ, λ+γ)|+|R
(l)
i (λ+γ−γ
′,λ+γ)|
×s|R
(r)
i
(λ, λ+γ)|+|I
(l)
i
(λ+γ−γ′,λ+γ)| |λ+ γ − γ′〉
,
where we used the result: Ri(λ+ γ) = Ri(λ) + {γ}.
Reversing the order of the product we have,
fiei | λ 〉 =
∑
γ′∈Ri(λ),
γ∈Ii(λ−γ
′)
r|R
(l)
i
(λ−γ′, λ)| s|I
(r)
i
(λ−γ′, λ)|
× r|I
(r)
i
(λ−γ′,λ−γ′+γ)| s|R
(r)
i
(λ−γ′,λ−γ′+γ)| | λ− γ′ + γ 〉
=
∑
γ′∈Ri(λ)
r|R
(l)
i
(λ−γ′,λ)|+|I
(r)
i
(λ−γ′,λ)| s|I
(l)
i (λ−γ′,λ)|+|R
(r)
i
(λ−γ′,λ)| | λ 〉
+
∑
γ′∈Ri(λ),
γ′∈Ii(λ)
r|R
(l)
i
(λ−γ′, λ)|+|I
(r)
i
(λ−γ′,λ−γ′+γ)|
× s|I
(rl)
i
(λ−γ′, λ)|+|R
(r)
i
(λ−γ′,λ−γ′+γ)| | λ− γ′ + γ 〉
,
The following fact is easily verified.
Claim A For all γ ∈ Ii(λ), γ
′ ∈ Ri(λ)
I
(r)
i (λ, λ + γ)− I
(r)
i (λ− γ
′, λ− γ′ + γ)(3.5)
= R
(l)
i (λ− γ
′)−R
(l)
i (λ+ γ − γ
′, λ+ γ);
I
(l)
i (λ− γ
′, λ)− I
(l)
i (λ+ γ − γ
′, λ+ γ)(3.6)
= R
(r)
i (λ, λ + γ)−R
(r)
i (λ− γ
′, λ− γ′ + γ).
Combining the above two expressions in Claim A, we get that
[ ei, fi ] | λ 〉
=
∑
γ∈Ii(λ)
r|I
(r)
i
(λ, λ+γ)|+|R
(l)
i
(λ, λ+γ)| s|I
(l)
i
(λ, λ+γ)|+|R
(r)
i
(λ, λ+γ)|| λ 〉
−
∑
γ′∈Ri(λ)
r|I
(r)
i
(λ−γ′, λ)|+|R
(l)
i
(λ−γ′, λ)| s|I
(l)
i
(λ−γ′, λ)|+|R
(r)
i
(λ−γ′, λ)|| λ 〉
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The following Claim B is important for the further deduction.
Claim B For all γ ∈ Ii(λ), γ
′ ∈ Ri(λ)
|Ii(λ− γ
′)| = |I
(r)
i (λ− γ
′, λ)| + |I
(l)
i (λ− γ
′, λ)|+ 1;(3.7)
|Ri(λ+ γ)| = |R
(r)
i (λ, λ+ γ)|+ |R
(l)
i (λ, λ+ γ)|+ 1;(3.8)
|Ii(λ)| = |I
(r)
i (λ, λ+ γ)|+ |I
(l)
i (λ, λ+ γ)|+ 1;(3.9)
|Ri(λ)| = |R
(r)
i (λ − γ
′, λ)|+ |R
(l)
i (λ− γ
′, λ)| + 1;(3.10)
We note that the coefficient is given by∑
γ∈Ii(λ)
r|I
(r)
i
(λ, λ+γ)|+|R
(l)
i
(λ, λ+γ)| s|I
(l)
i
(λ, λ+γ)|+|R
(r)
i
(λ, λ+γ)|
−
∑
γ′∈Ri(λ)
r|I
(r)
i
(λ−γ′, λ)|+|R
(l)
i
(λ−γ′, λ)| s|I
(l)
i
(λ−γ′, λ)|+|R
(r)
i
(λ−γ′, λ)|
=
∑
γ∈Ii(λ)
r|I
(r)
i
(λ, λ+γ)|−|R
(r)
i
(λ, λ+γ)|+|Ri(λ+γ)|−1 s|Ii(λ)|−|I
(r)
i
(λ, λ+γ)|+|R
(r)
i
(λ, λ+γ)|−1
−
∑
γ′∈Ri(λ)
r|I
(r)
i
(λ−γ′, λ)|−|R
(r)
i
(λ−γ′, λ)|+|Ri(λ)|−1 s|Ii(λ−γ
′)|−|I
(r)
i
(λ−γ′, λ)|+|R
(r)
i
(λ−γ′, λ)|−1
where we used the relations (3.8) and (3.9) in the first term and the relations (3.7)
and (3.10) in the second term. Then we have
The action of [ei, fi] =
∑
γ∈Ii(λ)
r|Ri(λ+γ)|s|Ii(λ)|−2(rs−1)|I
(r)
i
(λ, λ+γ)|−|R
(r)
i
(λ, λ+γ)|−1
−
∑
γ′∈Ri(λ)
r|Ri(λ)|+1s|Ii(λ−γ
′)|−3(rs−1)|I
(r)
i
(λ−γ′, λ)|−|R
(r)
i
(λ−γ′, λ)|−2
= r|Ri(λ)|+1s|Ii(λ)|−2
( ∑
γ∈Ii(λ)
(rs−1)|I
(r)
i (λ, λ+γ)|−|R
(r)
i (λ, λ+γ)|−1
−
∑
γ′∈Ri(λ)
(rs−1)|I
(r)
i
(λ−γ′, λ)|−|R
(r)
i
(λ−γ′, λ)|−2
)
= r|Ri(λ)|+1s|Ii(λ)|−2
(
(rs−1)|Ii(λ)|−|Ri(λ)|−2 + (rs−1)|Ii(λ)|−|Ri(λ)|−3
+ · · ·+ (rs−1)|Ii(λ)|−|Ri(λ)|−|Ii(λ)|+|Ri(λ)|−1
)
=
r|Ii(λ)|s|Ri(λ)| − r|Ri(λ)|s|Ii(λ)|
r − s
= the action of
ωi − ω
′
i
r − s
Finally, we will check the (r, s)− Serre relation:
fi+1f
2
i − (r + s) fifi+1fi + rs f
2
i fi+1 = 0.
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It follows from the definition that
fi+1f
2
i | λ 〉
=
∑
γ1 ∈ Ii(λ)
γ2 ∈ Ii(λ + γ1)
γ3 ∈ Ii+1(λ + γ1 + γ2)
r|I
(r)
i
(λ, λ+γ1)|+|I
(r)
i
(λ+γ1, λ+γ1+γ2)|+|I
(r)
i+1(λ+γ1+γ2, λ+γ1+γ2+γ3)|
s|R
(r)
i
(λ, λ+γ1)|+|R
(r)
i
(λ+γ1, λ+γ1+γ2)|+|R
(r)
i+1(λ+γ1+γ2, λ+γ1+γ2+γ3)|
| λ+ γ1 + γ2 + γ3〉
For simplicity, we write
Ii+1(λ+ γ1+ γ2) = Ii+1(λ)∪
(
Ii+1(λ+ γ1)− Ii+1(λ)
)
∪
(
Ii+1(λ+ γ2)− Ii+1(λ)
)
,
which is derived since Ii+1(λ+ γ1 + γ2) = Ii+1(λ) ∪ Ii+1(λ+ γ1) ∪ Ii+1(λ+ γ2).
Then the coefficient of the above expression becomes∑
γ1 ∈ Ii(λ)
γ2 ∈ Ii(λ + γ1)
γ3 ∈ Ii+1(λ)
r|I
(r)
i
(λ, λ+γ1)|+|I
(r)
i
(λ+γ1, λ+γ1+γ2)|+|I
(r)
i+1(λ, λ+γ3)|
×s|R
(r)
i
(λ,λ+γ1)|+|R
(r)
i
(λ+γ1, λ+γ1+γ2)|+|R
(r)
i+1(λ, λ+γ3)|
+
∑
γ1 ∈ Ii(λ)
γ2 ∈ Ii(λ + γ1)
γ3 ∈ Ii+1(λ + γ1)− Ii+1(λ)
r|I
(r)
i
(λ, λ+γ1)|+|I
(r)
i
(λ+γ1, λ+γ1+γ2)|+|I
(r)
i+1(λ+γ1, λ+γ1+γ3)|+1
×s|R
(r)
i
(λ, λ+γ1)|+|R
(r)
i
(λ+γ1, λ+γ1+γ2)|+|R
(r)
i+1(λ+γ1, λ+γ1+γ3)|
+
∑
γ1 ∈ Ii(λ)
γ2 ∈ Ii(λ + γ1)
γ3 ∈ Ii+1(λ + γ2)− Ii+1(λ)
r|I
(r)
i
(λ, λ+γ1)|+|I
(r)
i
(λ+γ1, λ+γ1+γ2)|+|I
(r)
i+1(λ+γ2, λ+γ2+γ3)|+1
×s|R
(r)
i
(λ, λ+γ1)|+|R
(r)
i
(λ+γ1, λ+γ1+γ2)|+|R
(r)
i+1(λ+γ2, λ+γ2+γ3)|
Furthermore we get
fifi+1fi | λ 〉
=
∑
γ1 ∈ Ii(λ)
γ3 ∈ Ii+1(λ + γ1)
γ2 ∈ Ii(λ + γ1 + γ3)
r|I
(r)
i
(λ, λ+γ1)|+|I
(r)
i+1(λ+γ1, λ+γ1+γ3)|+|I
(r)
i
(λ+γ1+γ3, λ+γ1+γ3+γ2)|
s|R
(r)
i
(λ, λ+γ1)|+|R
(r)
i+1(λ+γ1, λ+γ1+γ3)|+|R
(r)
i
(λ+γ1+γ3, λ+γ1+γ3+γ2)|
| λ+ γ1 + γ2 + γ3〉
Similarly, using
Ii+1(λ+ γ1) = Ii+1(λ) ∪
(
Ii+1(λ + γ1)− Ii+1(λ)
)
,
the coefficient of the second expression becomes∑
γ1 ∈ Ii(λ)
γ3 ∈ Ii+1(λ)
γ2 ∈ Ii(λ + γ1)
r|I
(r)
i
(λ, λ+γ1)|+|I
(r)
i+1(λ, λ+γ3)|+|I
(r)
i
(λ+γ1, λ+γ1+γ2)|
s|R
(r)
i
(λ, λ+γ1)|+|R
(r)
i+1(λ, λ+γ3)|+|R
(r)
i
(λ+γ1, λ+γ1+γ2)|−1
+
∑
γ1 ∈ Ii(λ)
γ3 ∈ Ii+1(λ + γ1)− Ii+1(λ)
γ2 ∈ Ii(λ + γ1)
r|I
(r)
i
(λ, λ+γ1)|+|I
(r)
i+1(λ+γ1, λ+γ1+γ3)|+|I
(r)
i
(λ+γ1, λ+γ1+γ2)|+1
s|R
(r)
i
(λ, λ+γ1)|+|R
(r)
i+1(λ+γ1, λ+γ1+γ3)|+|R
(r)
i
(λ+γ1, λ+γ1+γ2)|−1
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Finally, using the definition again one has
f2i fi+1 | λ 〉
=
∑
γ3 ∈ Ii+1(λ)
γ1 ∈ Ii(λ + γ3)
γ2 ∈ Ii(λ + γ1 + γ3)
r|I
(r)
i+1(λ, λ+γ3)|+|I
(r)
i
(λ+γ3, λ+γ3+γ1)|+|I
(r)
i
(λ+γ1+γ3, λ+γ1+γ3+γ2)|
s|R
(r)
i+1(λ, λ+γ1)|+|R
(r)
i
(λ+γ3, λ+γ3+γ1)|+|R
(r)
i
(λ+γ1+γ3, λ+γ1+γ2+γ3)|
| λ+ γ1 + γ2 + γ3〉
Since for γ3 ∈ Ii+1(λ), one gets
Ii(λ+ γ3) = Ii(λ), Ii(λ + γ1 + γ3) = Ii(λ+ γ1).
Thus the coefficient of the third expression becomes∑
γ3 ∈ Ii+1(λ)
γ1 ∈ Ii(λ)
γ2 ∈ Ii(λ+ γ1)
r|I
(r)
i+1(λ, λ+γ3)|+|I
(r)
i
(λ, λ+γ1)|+|I
(r)
i
(λ+γ1, λ+γ1+γ2)|
×s|R
(r)
i+1(λ, λ+γ3)|+|R
(r)
i
(λ, λ+γ1)|−1+|R
(r)
i
(λ+γ1, λ+γ1+γ2)|−1
Combining the above three coefficients, we get the required result:
fi+1f
2
i − (r + s) fifi+1fi + rs f
2
i fi+1|λ〉 = 0,
where we have used the following fact.
Claim C For γ2 ∈ Ii(λ+ γ1) and γ3 ∈ Ii+1(λ+ γ1 + γ2), it follows that,
|I
(r)
i+1(λ+ γ2, λ+ γ2 + γ3)| = |I
(r)
i+1(λ+ γ1, λ+ γ1 + γ3)|+ 1,
|R
(r)
i+1(λ + γ2, λ+ γ2 + γ3)| = |R
(r)
i+1(λ+ γ1, λ+ γ1 + γ3)| − 1.
This completes the proof of Theorem 3.1.
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